Quadratic Pythagorean Triples: Solution

N (0:1)

Stereographic projection establishes a one-to-one correspondence between
points on a circle and points on a line through it. Below are the formulas
for the z-axis and the unit circle (which can be determined by characterizing
the line through (0,1) and (u,v) on the unit circle and (z,0) on the r-axis,
using point-slope form and different pairs of points for the slope):
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Since the formulas in both directions send rationals to rationals, this estab-
lishes a one-to-one correspondence between rational numbers and rational
points on the unit circle. The pole (), 1) corresponds to oc in the “extended”

real number line B = K U {oo}, which one can imagines “wraps around.”

Any Pythagorean triple (a,b,c) can be turned into a rational point {'—:,%]I
on the unit circle, and conversely any rational point {%1 Z) can be written
using the lowest common denominator (2, g} which can be turned into a
Pythagorean triple (a, b,c). Note (a,b, c) is primitive if and only if (2, E] has
no smaller common denominator.

Stercographic projection sends the rational m/n to a rational point, which

can in turn be turned into a primitive Pythagorean triple as follows:
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Note the formulas also work to turn rational functions m(z) /n{z) into poly-
nomial Pythagorean triples (fi(x), f2(z), fa(x)) of the form

filz) = m(z)* — n(x)?,
folz) = 2m{zx)n(z),
falz) = miz)* +n(z)%

Again the statement about primitive triples and lowest terms holds, since
sharing no common root is equivalent to sharing no common factor. If the
second polynomial fa(x) = 2m(z)n(z) is quadratic, then cither

¢ one of m(z),n(z) is quadratic, the other constant; or
e hoth are linear, so that their product is quadratic.

If ( f1, fa, fs) 18 a quadratic triple then the former is impossible, since it would
imply f; and f; have degree four (not quadratic), so we must have

m(zr) = Az+ B,
nlr) = Cx+ D.

and therefore ( fi, f2, f3) has the form

filz) = (A2—CH2® + 2AAB-CD)x + (B D?),
folz) =  (240)23% + 20AD+ BC)z +  (2BD),
falz) = (A24CH2® + 2AAB+CD)x + (B4 D2).

The discriminants can then be calculated as
Ay = [2(AB - CD)|® - 4(A* - C*)(B* - D?)
= +4(AD — BC)?,
A; = [2(AD + BC)® — 4(2AC)(2BD)
= +4(AD — BC)*,
Ay = [2(AC + BD)? — 4( A% + B%)(C? + D?)
= —4{AD — BC)~.
Thus, by inspection, Ay = Ay = —A,. (Curiously, AD — BC = det[2 £].)
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