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Abstract

An inequality involving the logarithmic mean is established. Speci -
cally, we show that

In (c=x ) In (x=a )
L(c;x)me=a) L(x; @) =a) < L(c;a) Q)
where0< a< x < cand L(Xy) = i7x: 0< X < y: Then sewral

generalizations are given.
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1 Intro duction
The logarithmic mean

Yi X 0

L(y;x) = m < X<y;

has many applications in statistics and economics [8]. It is well known,
and easily established [1,3,6,9]that

G(y;x) - L(y:;x) - A(y;x)

where G(y;x) = pW is the geometric mean and A(y;X) = (X + y)=2 is
the arithmetic mean. In fact, writing A(y;x) = M1(y;X) where

K
Mp(y;Xx) =

yP + Xpﬂ 1=p

2

it is known [6] that Mpa(yix) - Mpa(y;x) for pl- p2 It is also known,
[4,5,8,11,13], that
L(y;x)- Mlzg(y;x)

On the other hand, Hlder's inequalit y states that

M1(y1Y2; X1X2) - Mp(y1;X1)Mq(Y2; X2)

if 1=p+ 1=q= 1 with p;q> 0: . It is thus curious that the logarithmic
mean L(y;x) satis es the inequalit y

L(cx) R =T L(x; @) e < L(c;a) @)

where 0< a< x< cand it is noted that

In(c=x) N In(x=a) _
In(c=a) In(c=a)

It is the reverse HAlder type inequalit y (1) which is the subject of
this note and will be established below. (1) arises in a parameter
identi cation problem for a fractal Mic haelis-Men tion equation [7].
In the following, use will be made of Jensen's inequalit y [10] whic h
we now state for the reader's convenience:



1.1. Jensen's Inequalit y
. ifwp>08i=1;2:::;n

3). ©:[0;1)! R is a strictly convexfunction
then AX‘ ! uP " W T
Wi © ;anVIV . Wi ©(®)
i=1 i=1 Wi i=1

and the inequality is strict unless®, = ®; = ®, = ¢¢¢= ®:

2 Main Result

Lemma 2.1. Letg(u) = uT_ul wher g(1) = 1: Then8 u> 0
i). gis a strictly decreasing functin of u

ii).

ii). lim g(uy=121; lim gu)=0; Ilimg(u) =1

. u! 0* ull ul 1

iv). g(1=u) = ug(u).

Pro of:
[ ¢ .
Set z(u) = 1j 1=uj Inuthen z%u) = 1 1; 1 which is positiv e for 0<
u< 1and negativ e for u> 1: Thus z(u) increase from j1 to Oat u=1
and then decreases to j1 as u tends to 1 : Thus gqu) is negativ e except at u = 1.
This establishes (i). The limits in (ii) can be computed in the usual
fashion using L'hopital's rule. For (iii) we have

In(1=u) _
1=uj 1

g(1=u) = ug(u):

o]

Lemma 2.2. Letf(x) = xj Inx, then

i). fis decreasingon (0,1) and increasingon (1,1 )

ii). XI|irrg+ fx)=1,; f(1)=1; and XIlilm f(x)y=1

iii). if ®> 0; x> 0thenf(®) = f(x) for x = g(®) so that f (Bg(®)) =
f(9(®).

Pro of:

() and (i) can be established in the usual way. For (iii) we have

f(®X)=f(X)) ® i IN(®X)=xj Inx) (® I)x=In®) x = g(®):

Let y(x) denote the left hand side of (1) and set ®= Incj Ina: Note
that y(x) > 0 8 a< x< c. Then

®Iny=[Inci Inx][In(cj X)j In(ncj Inx)]+[In xj Ina][ln(xj a)j In(lnxi Ina)



and so

®y%_ 1.y . . il il
T_ i ;[In(c. X)i Inlncj Inx)]+ [Incj Inx] ci v nci nx +
1 1 1=x °
;[In(x| a)j In(nxj Ina)]+ [Inxj Ina] X 31 nx: na
1 Xxjia 7 Inxj Ina> 1 1 Incj Inx 1 Ci X
=~ n ———M + —— ; 4+ ———~i ZIn ——
X Inxj Ina Xij a X X Cj X X Incij Inx
_ Eln >(a:xi 1’ + Eln(a:x)_ Eln(c:x)_ 1 c=xj 1°
T X In(a=x) X a=Xj 1! X C=Xj 1' x In(c=x)
®3)
o ®y° 1 1
= @) i 1)) = hko @

Now f (g(a=x)) is an incr easing function of x while f(g(c=x)) is a
decreasing function of x so that h(x) is an incr easing function of x.
Clearly ®y %y is zero at exactly one point which implies that y®is zero
at exactly one point.

Lemma 2.3. yCis zerm at the point x = Pax.

Pro of: i ¢

Now f(g(c=X)) = f(g(a=x)) = f Zg(a=x)) ;from lemma 2.3 (iii), so that
g(czé) = (a=x)g(a=x) = g(x=a) by lemma 2.2 (iii). Thus c=x= x=a giving
X=ac =

Theorem 2.1. For all valuesof 0< a< x< ¢

M Ci X ﬂlncilnx|vl Xi a ﬂlnxilna H ci a ﬂlncilna
e < ()
Incij Inx Inxj Ina Incj Ina
Pro of:
The results hold i®
Ci X 1 H Xi a ci a

Inci nx) —~" +(Inxj na) —-2 < (Incj Ina) — =
( : ) Incj Inx ( ! ) Inxij Ina ( ' ) Incj Ina
Set xo= & X3 = X; xp=cand let wy = Inx; | Inx;; 1; ®& = mi::%
and let © (x) = j Inx, the result follows from the Jensen's inequalit y
with - rather than <.
But

®y°= Lif (9(a=0) i 1(9(c=9)]

sothat yCis negativ e on [a;p ac] and positiv e on [p ac;c]: Strict inequal-
ity in Theorem 2.4 now follows frorB the previous results since the
d&riv ativ e is strictly negativ e on [a;" ac] and positiv e on the interv al
[" ac;c]: Thus equalit y holds only at a and c. ©



3 Convexity

Theorem 3.1. The function

Moo x T

y(x) =

a
Incj Inx Inxj Ina

ﬂlnxilna
Incji Ina

is log-mnvex, and hene convex, on the interval P ac:

Pro of:

(6)

Let w= ®Iny, then w®= ® %y and hence from (5) xw %= f(g(a=x)) i
f (g(c=x) is an inBreasing function so that w%+ xw %,  0: Thus xw %,

i w% Now on [a;
hence log convex) on [a; ac]: &
Lemma 3.1. The curve

I_j_ ﬂlnc;lnx ﬂlnxilna

Ci X Inci Ina Xi a Incina
Incj Inx Inxij Ina

y(x) =

is invariant under the transformation x A ac=x:

Pro of:
A | e |n(§) A
~ C| E)ITC Inci Ina . E)ITC ©a
2(0) = Incj In & In" & j Ina
A c(xj a) o Ci|nmc(ia—|cn)+aln . A
—_ X

| In(%)i In a

Inci Ina

a(cj x)
X

Incj Inaj Inc+ Inx
A I il A [
c(xj a) —lr.léi' |QZA a(ci x) i ii T
= X _x
Inxi Ina Incj Inx

, -
3 Inxilna3 In cj In x
C InciIna a. InciIna

= y(x):

X X

Now
InXj Ina+ Inci Inx _

Inci Ina Incj Ina

Thus from (7)

3 Inx;lna3 In ci In x 3 In xj In a

C Inci Ina Incj Ina InciIna

X X

X
i ¢Inx;|na

C Incina

a incina

X

3
a
X a

X —
i ¢Inx; In a

X

X

In xj In a

3 -
a. li In cj

3 C ’ In( x=a)=In( c=a)

In(ac)j Inxj Ina

In a

ax .
ZZ = 1since b = gnb:
X a

ac, w°. 0, and sow®, 0 sothat wis convex (and

(6)

In(ac)i In xj In a
Inci Ina

()



Thus z(x) = y(x) and the lemma is proved. ©

4 Generalizations and Applications

The follo wing theorems follow directly from Jensen's inequalit y and
are generalizations of Theorem 2.1.

Theorem 4.1. if:
). ©:[0;1)! R is afunction
i) f;9:[0:1)! R areincreasing functions

1). If © is convex

TP B TN g
fA)i (A N FA) T f (AL D)
oA i olAe) . OADT IR © A 1)

2). If © is concave then

(9(An) i 9(Ao)) ©

TUDRNUI B TV 1
f(An)i f(Ao) N N f(A)i (A1)
oA i oAy . AT IR O GG A

3). If ©is log convexthen

(9(An) i 9(Ao)) ©

Hean) i f(Ao)ﬂ(g(A”)‘ oA “M‘"(gm.)i 9(Ai; 1)
9(An) i 9(Ao) oA gA; )
4). If © log concave then

SUOIRICON IR TS TRICYN AR
9(An) i g(Ao) S 9ADT A )

Pro of:
In Jensen's inequalit y set wi = g(A;) i 9(Ai; 1) and & = %
and the result follows. = '
As a rst application let M;N : R! R N stricty monotone. Given
any two numbers a and b, there is a number c, according to the mean
value theorem, such that

M) i M@ _ MXc
N i N@ NI
for some ¢, a< c < b:If cis uniquely determined then it is called

the (M.N) mean-value mean of a and b [2]. In this caselet H be the
inverse of M N % and write

M®i M@

=P N N@

6



If M and N are both increasing and H is either log-convex or log-
concave, we can apply one of the inequalities in Theorem 4.1 to write

N(ADI N(Aj; 1)

MM M) Y Ma) i M g TS

"NATNGA) LT NA) T N(AG )
or
MY | M(ag)" Y G IMA) | M A, o VS s
N(A)i N(A) " N(A) T N(Ay D)

1

where we have made the associations that ©= H; f = M; g= N; A, =
b; Ap= a

Now specializing to the case of © (x) (log-conca ve © ) in theorem
4.1 we obtain

g(A)i 9(Aj; 1)

g(An)i 9(Ao) * . 9(Ai)i 9(Ai; 1)

and interc hanging f and g we can write

f(ADI (A 1)

FA) 1 (A Y Mran i fa, o TR
9(An)i 9(Ao) .., 9(A)i 9(Ai 1)

From these expressions we can obtain inequalities for Stolarsky's ([2],
[12]) extended mean value

Llr(asi bs)ﬂs%

BN

by making the associations f (x) = x3=s; g(x) = x"=r; A, = b; Ap = aand
then raising both sides to the power 1/(s-r). For rs> 0

b’ u' ﬂuriar bS; us ﬂu5;a5

Hbsiusﬂl?ﬁr“usiaS iat PPy as Hbsius‘"ﬁi—ag“usiaS BSias

biu u i a b a b ur u i a

where a< u< h:
If rs< 0; f(x) = x5=s and g(x) = x'=r are still both increasing
functions and we have a similar inequalit y

r

lJr(bsi us)ﬂg;2 Mr(usi as)‘"%ii: _ r(b° as)_ Hr(bsi us)ﬂgi H

u
si as

where it is now necessary to include r/s or else reverse the inequalit y.

r(usj as)ﬂ
s(utj a) s(uj a) s(bj a) s(bhj u") s(uj a)

uSi as
bS| as



A further application is obtained by setting f(x) = x and g(x) = Inx
above to obtain

M Ani Ag Tinanimas y M AP Ana Tincani nar, 1)

In(An) i In(Ao) © L, (AT (A D)

and
M A A TAa e B A, T

In(An) i In(Ao) In(Ai) i In(Aj; 1)

i=1
These two inequalities provide a direct generalization and converse
to the main inequalit y (3) discussed in this paper

Tinci Tin i Tinci
H Ci X In cj inx M Xi a Inxj Ina H ci a In cj Ina.

Inci Inx Inxij Ina Incj Ina
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