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Abstract

The Hill equation is a fundamental expressionin chemical kinetics
relating velocity of responseto concertration. It is known that the Hill
equation is parameter identi able in the sensethat perfect data yield a
unique set of de ning parameters. However not all sigmoidal curves can
bewell "t by Hill curves. In particular the lower part of the curvecan't be
too shallow and the upper part can't be too steep. In this paper an exact
mathematical criterion is derived to describe the degree of shallowness
allowed.

1 Intro duction
The simple chemical reaction

k1
E+S $ Ci? E+P
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can be described by the Michaelis-Merton Equation
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where[S]is the conceriration of substrate Sand V = ~4°17is the velocity of

the reaction. The responsecurve (1) hasthe characteristic concave form shown
in Figure 1.
An equation of similar form, the Hill equation, is frequertly usedin phar-

macologyto describe the responseof an organismor tissue asa function of drug
concertration

Vmax [S]n (2)
Km + [S]"
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Figure 1:

where V is the pharmocologic responseat drug conceriration [S]"; Vmax IS
the maximum possiblepharmacologicresponse,K y is the concertration of drug
at which V = %Vmax and is alsoa measureof the axnit y of the receptor for the
drug. The parameter n, the Hill coetcient, can be viewed medanistically as
the number of moleculesthat bind to a receptor. More frequently it is regarded
functionally as a shape factor determining the responsecurve (Figure 2).
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Figure 2:

The question investigated in this paper is related to, but distinct from, the
problem of parameter identi cation. The Hill equation is already known to be
parameter identi able [2] which meansthat "p erfect data" that is a complete
Hill curve, uniquely determine the three parameters Vimax; Km; and n. We are
concernedwith the question of which sigmoidal data curvescanbe 't with the

Hill curvesto beginwith. It turns out to depend on the steepnes®r shallovness
of the sigmoidal curve.



This is also a di®erert question from parameter estimation where one is
interestedin "nding the "b est" Hill curve for a setof data by using someoptimal
least squarestechnique. One can always nd a "best" Hill curve in somesense
but we show herethat it still may not be very good.

The Hill equation hasthree parametersand is a generalizationof the Michaelis-
Menten equation with only two parameters. Thus it makessenseto begin with
the much simpler two-parameter case.

2 The Mic haelis-Men ten equation

Even though Godfrey [1] and Godfrey and Fitch [2] have already adequately
discussedthe Michaelis-Merten equation, it is discussedhere to introduce the
methods of this paper in the simplest case. Supposethen that two data points
are given:

Vmax [S]l © O\ = Vmax [5]2

Ku +[Sh' 2~ Kw +[Sk

solving eath equation for V. yields

l:

Vi(Kw + [S]1) _ Vo = Vo(Km + [S]2)

[S]a (Sl
Now solving for K gives

K = (V2 i V1)[Shi[S]2
M Vi[Sl2 i V2[S]:

providing that V1[S]o i V2[S]1 6 O; i.e. that

Vg Vo
Sl [Sk

Since V;=[S]; and V,=[S], are the slopes of lines from the origin to the data
points, it is clear from the graph of (2) that (4) holds (‘gure 3). It has been
shown that two points on the concave curve (2) determinesthe parametersVy,
and Ky, uniquely and thus the Michaelis-Merten curve (2) uniquely determines
Vm and Ky in every case.

The conditions (4) can be replacedby

®3)

V1 \7
S > 5% [Sh < [Sk (4)
by taking into accourt the concave shape of the curve (2). The inequality (5) or
its reverseturns out to be signi cant for the investigation of the Hill equation
to be discussednow.
It should be noted that the same approac which will be usedto analyze
the Hill equation can also be usedto discussa fractal version of the Michaelis-
Menten equation [3].



3 The Hill Equation

Sincethere are three parameters, Vy ; Ky and n, in (2), three data points are
needed. Changing notation for simplicity in the lengthy calculation to follow,
take (xj;yi), i = 1, 2 3 aspoints satisfying

y= Mx
Q+ x’

(®)

wherel< n, 0< x; < X2 < xgand 0< y; < y, < y3 The following theorem
will be established.

Theorem 3.1. Let
_Inxzi Inxy
InX2i Inxy

(note that d > 1). Then the Hill equation (5) has a unique solution for M, Q,
and n if
yi tya <y
and has no solution if
yiitys, s
The proof of this theorem is long and computational. We may eliminate n
bewtween the three equations by substituting (x;;y;) in (5) fori = 1,2, 3to

derive 3 g
In x; .
DX Y n Y
|I’IQ: In x; M|.yllnxi My
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Equating thesetwo valuesand rearranging gives
Inx3j dinx; InX3j InXxy
= =1 d:
Inxq InX2i Inxy
Thus
Y3 Y1 Y2
In =@i d)In + dIn
My Oy, M iy
sothat 1 g
1 yir (M y2)
(M yg) = LR (6)
Y3 Y2 (M i y1)

De ning the functions
it (M i ya)
yi(M i )™

it follows that (6) has a solution for M wherever the graph of f (M) and g(M)
intersect. Sincethe graph of f (M) is a straight line, the number of intersections

F(M)= = (M | ys) and g(M) =
Vk]



of f and g dependson the character of the function g(M) . g(M) is monotone
increasingand concave up. We have

_yit Myt
ya(M i ;)

gi(M) M i y2+d(y2i yi)]>0

Likewise

oon gy Y E(M yy)
g ?M )= d . d+1
y5s (M i y1)
There are now seweral casesto consider. Suppose rst that

ddi 1)(y2i y1)°>0

I
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Then g(M) < f (M) for large M, while g(y3) > f (y3) = 0, and so by concavity
of g a unique point of intersection exists. Now supposethat the other case
occurs, namely

1yt

2R
To proceed further the asymptote asM | 1 for g(M) is needed. This is
accomplishedby "nding the Taylor expansionof g(M) for large M. to do this
write

()

Miy2)? _ (R+ (yii y2))°

M i y)®* Rt 2
whereR =M | y;: Let z= 1=R and
M T4

1
H1+ (Yii y2)z ‘
z

1
G(2) = £+(Y1i Y2) = asz! O

Then H(z) = (1+ (Y1i Y2) z)d satisesH(0) = 1and HY0) = d(y1j Yo):
Thus
H(z)= 1+d(y1i y2)z+ ¢¢tasz! O

H(z 1 .
G(2) = Z(d) = gt dlui y2)zli 9+ ¢e¢asz! 0
and .
(R+ (g;illyZ))) = R+d(yyi yo)+ 006asR! 1
M i y)°
———2 =M yi+d(yri y2) + ¢¢CasM ! 1
Myt
Thus
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Thusd(y>i y1)+y1- ysord- ;’2:—;’1 meansg(M) and f(M) do not intersect.
It will be showvn that the condition

d> Y3i Y1
Y2i Y1

is incompatible with y3 - yfi ys which is equivalert to (7). This is accom-
plished by examining the condition

INxsi INxs _ ,_ Ysi v
Inxz i InXxy Y2i Y1

1
“Inxgi In x4

Considerthe curve® (x2) = y» = (Yzi Y1) Inxs | Nxg

Y1
Then ® (Xx1) = y1; ®(X3) = y3; and® (x) is concare down (® (x) is a logarithmic
function).

The fact that g(M) and f(M) do not intersect if d - (yzi Yi)=(Y2i Y1)
meansthat there is no solution for points (x»;y2) below (or on) the graph of
® (x): It will now be shawvn that condition (7) meansthat (x»;y2) must lie below

the graph of ® (x): We thus considerthe equation y§ = ygdi 1l)ys: That is

_ i 1=d
Y2=Y1° V3
Now
di 1_Inxsj Inxz
d Inx3i Inx;
and

1 _Inxzi Inxg

d Inxzi Inxy
Thus we have the function

In x3iInxo InxpjInxq
In x3i In xq In x3i Inxq

C(X2) = y2=y Y3

to compare with the function ® (xz) . Again note that ~ (x;) = y; and
~ (x3) = y3 and we want to show that = (x3) - ®(x,) for x; - X - X3 . Now
® (x2) ascan be written as

1
uInxgi In x4 N ulnX3i In X5

®(X2)=Yys ) — <
(x2) =y InXxzij Inx; y Inx3j Inxy

Thus  (x2) - ®(xz) , which we want to verify, can be written as

In x3i Inxo Inxoilnxq
In x3i Inxq In x3i Inxq

Y1 Y3 u
InXzi Inx; N InX2i Inxy
A3l A2 g —21 7L
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or equivalently

ﬂ|nX3i In xo ﬂ ﬂ
“yl nX3i M Xy IJyl u|nX3i |nX2 Inx31 |nX2_

Y3 Y3 Inxzi Inxq Inxzj Inxq’

Since0< y; < y3 0< X1 < X, < X3; this can be expressedas

y' o yx+ 1) xor0<yx+ 1j xj y*

Let ° (x) = yx+ 1 xj y* and note that ° (0) = Oand ° (1) = 0: We want to
show that ° (x), Oforall 0- x - 1: Now

© o) =yi li Inye™

and
°x)=i(ny?e"Y <0

forall0< x < landso® (x) > Ofor all 0< x < 1since® (x) is concare down
on this interval.

This meansthat =~ (x2) - ®(xp) for x3 - Xz - X3. Sincethe inequality (7)
implies that y,(x2) - ~ (X2) and, as mentioned above, there are no solutions of
(6) below ® (x) , it has nally beenshown that no valuesof M,Q, and n can be
found when (7) holds. Theorem 1 is thus proved.

From a practical point of view it is the region where the unique solution
exists which is of importance. This region is determined by the curve

diil =
ya(X2) = yi 7 y3 o ®)

The points (x2;y2) lying above the curve (8) correspond to uniquely deter-
mined parametersM,Q, and n. The shape of (11) can be easily determined.

diloq.g . ) ) )
Theorem 3.2. The curve y,(x2) = y;° yé ¢ is monotone increasing and is
concave up if y3=x3 > y;=x; and is concave down if y3=x3z < y1=Xj:

This theorem is proven by simple di®ereniation of the curve (8) which is
described by the function

In x3i In x In xj In xq

_(X): y::-nx3i|nxlyén x3i In xl:
First write
_ . Inyilnx In ygin x I"_XS i ‘ﬁxl
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Thus | I L
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and

1 1
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ys | ys |
- (x)
-~ (x)

Vi L V1|

| | X | | X

X1 X3 X1 X3

Figure 3:
Thus ™ Qx) > 0if (ya=y1)=(x3=x1) > 1; i.e. if
Y3=X3 > Y1=X1 )

and conversely ~%(x) < 0: The theorem can be illustrated asin “gure 3.
Since the uniquenessregion is above = (x) , it follows that the uniqueness
region is larger if (9) holds than when the inequality goesthe other way.

4 . An Example
Finally we use Theorem 1 to show that sigmoidal data can not always be 't to
a Hill curve. We generatesigmoidal data by using the sigmoidal function
5 _ 5
1+el0ix ' 14+ ¢l0
which satis es the conditions w(0) = 0 and Xllilm w(x) = 499 asshown in "gure

4,
Now adjust the function y = yii =% y1*@ sothat it passeshrough the points

(1,w(1)) and (12,w(12)) to obtain the concave (up) curve

w(x) =

y(x) = w)! wiz w(12)w

also shawn in “gure 4.

On the interval (1,12) only points above y(x) canbet to aHill curve passing
through the points (1,w(1)) and (12,w(12)). Sincew(x) lies below y(x) on the
interval (1,9), then the sigmoidal data w(x) can't be t by a Hill curve on the
interval (1,12).
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